Abstract-This paper aims at studying the characterization of Dirac-structure edges with wavelet transform, and selecting the suitable wavelet functions to detect them. Three significant characteristics of the local maximum modulus of the wavelet transform with respect to the Dirac-structure edges are presented: 1) slope invariant: the local maximum modulus of the wavelet transform of a Dirac-structure edge is independent on the slope of the edge; 2) grey-level invariant: the local maximum modulus of the wavelet transform with respect to a Dirac-structure edge takes place at the same points when the images with different grey-levels are processed; and 3) width light-dependent: for various widths of the Dirac-structure edge images, the location of maximum modulus of the wavelet transform varies lightly under the certain circumscription that the scale of the wavelet transform is larger than the width of the Dirac-structure edges. It is important, in practice, to select the suitable wavelet functions, according to the structures of edges. For example, Haar wavelet is better to represent brick-like images than other wavelets. A mapping technique is applied in this paper to construct such a wavelet function. In this way, a low-pass function is mapped onto a wavelet function by a derivation operation. In this paper, the quadratic spline wavelet is utilized to characterize the Dirac-structure edges and an novel algorithm to extract the Dirac-structure edges by wavelet transform is also developed.
set of directional derivative masks [4] . The common used detection operators are Roberts, Sobel, Hueckel, Prewitt, Kirsch and Laplacian operators [4] , [14] , [15] , [23] , [24] . These operators are very simple, and can be implemented easily. They can effectively treat the most of the ideal edges. However, they failed to handle the noisy images.
To improve these methods, two techniques have been employed:
• Filtering Technique: Marr et al. suggested to filter the images with Gaussian before detection [9] , [10] , [20] , [25] .
• Fitting Technique: It can approximate the image with a smooth function. Two typical fitting-based edge detection methods have been proposed by Hueckel [14] in 1971, and Haralick et al. [8] , [19] from 1979 to 1984. After smoothing the original image by any of these two techniques, one can detect the edges by locating the zero-crossings of the second derivatives of the smoothed function. In practice, filtering technique can be implemented more easily. Let be the original image, and be the smoothed one. It has known that . In the filtering case, , where is a Gaussian function and stands for the convolution operator. Therefore, the zero-crossings detection is equivalent to finding the inflection points of (or the zero-crossings of ). The above processes are shown in (1) at the top of the next page. This method can detect edges from the noisy images.
The weakness of the above approaches is that the optimal result may not be obtained by using a fixed operator. To combat such a deficiency, Canny [3] developed a computational approach to edge detection. In this way, the mathematical forms for three criteria related to the performance of the edge detector has been established, namely: 1) good detection, 2) good localization, and 3) only one response to a single edge. Thereafter, by achieving these performance criteria, the optimal detection method can be derived for several common image features. In [3] , an optimal detector has been derived, which can be approximated by the first derivative of a Gaussian. Thus, Canny detector detects the edges by locating the local maxima of (where is a Gaussian). It should be pointed out that the local extreme approach is better than that of detecting the zero-crossings of ( ). The reason is as follows: An inflection point of the can be either a maximum or a minimum of the absolute value of the first derivative ( ). The former corresponds to the sharp variation points (edges) of the smoothed function , whereas the later corresponds to the slow variations, which are not the edges. However, both of the maximum and minimum have the property of zero-crossing in the second derivation ( ). This can also be shown in (1) . Therefore, it is difficult to distinguish these two types of zero-crossings by Fig. 1 . All kinds of edges are detected using the method in [17] and [18] . a second-derivative operator. On the contrary, with a first-order derivative, we can easily select the sharp variation points by detecting only the local maxima of the first derivatives (
). In addition, as the local maxima have been detected, we can also record the values of at the locations where the maxima occur, by measuring the derivative at the inflection points [17] .
With the growth of wavelet theory, the wavelet transform has been found to be a remarkable mathematical tool to analyze the singularities including the edges, and further, to detect them effectively. Thus, a novel approach to edge detection based on wavelet transform has been established. Actually, this idea is similar to that of Canny [3] . In fact, a Gaussian function is selected as in Canny approach; while, a wavelet function is chosen to be in the wavelet-based approach. The general theory of wavelet analysis and its applications to signal/image processing can be referred to [5] , [6] , [16] . A significant study related to this research topic has been done by Mallat, Hwang, and Zhong [17] , [18] . Many important contributions have been made in their papers. They have proven that the maxima of the wavelet transform modulus can detect the locations of the irregular structures. Further, a numerical procedures to calculate their Lipshitz exponents has been provided by Mallat and his coworkers. It also has numerically been shown that oneand two-dimensional (2-D) signals can be reconstructed, with a good approximation, from the local maxima of their wavelet transform modulus.
However, how the different edges can be identified, and further, how a specific structure of edges can be treated are still the most challenging topics. For instance, [17] and [18] have shown that the local maxima of the wavelet transform modulus can provide enough information for analyzing the singularities, and "can detect all singularities." Note the italicized text, the word "all," in the above sentence. It means that the approach proposed in [17] and [18] may not identify different structures of edges. In fact, we consider an image which is shown in Fig. 1(a) . Two classes of edges are embedded in this image: 1) a contour of the aircraft which belongs to the step-structure edge and 2) some lines and texts which belong to the Dirac-structure edges. Such an image is referred to as multistructure-edge image. A particular task is that we are required to identify two kinds of edges: 1) the contour of the aircraft, and 2) lines and texts. What result will arrive at when the method proposed in [17] and [18] is applied? Look at the following experiments: Fig. 1(b) displays the modulus image, where the black pixels indicate zero values and the white ones correspond to the highest values. Fig. 1(c) gives the angle image, in which the angle values range from 0 (black) to (white). Fig. 1(d) shows the modulus maxima. It is clear that, from this result, the algorithm of [17] and [18] has detected all edges without recognizing two different structures of edges.
A mathematical characterization of three basic geometric structures of edges (i.e., step-structure, roof-structure, and Dirac-structure) with Lipschitz exponents has been presented in our previous work [27] . A brief description of them can be presented below: . The graphic descriptions of them are illustrated in Figs. 2-4 , respectively. In [27] , a significant property has been proved that the modulus of wavelet transform at each point of the step edge is a nonzero constant which is independent on both the gradient direction and the scale of the wavelet transform. This property led to provide a simple and direct strategy for detecting a specific structure of edges, the step-structure edges. Thus, a novel algorithm called scale-independent algorithm has been developed. The new method developed in [27] possesses an important property, i.e., the wavelet transform of a step-structure edge is scale-independent. It can improve the method proposed in [17] and [18] , and new result can be found in Fig. 5 , where the modulus-angle-separated-wavelet (MASW) has been used. The precise definition of the MASW can be found in [27] and [28] . The original image is shown in Fig. 5 (a) containing a planner object, aircraft, with several drawing lines and texts. , respectively. After applying the scale-independent algorithm to these images, the resulting image is obtained, and shown in Fig. 5(h) . It is clear that only the contour of the aircraft has been extracted, while all other edges including drawing lines and texts have been eliminated.
On the other hand, as a complement of [27] , the purpose of this paper is to develop a method which can identify different structures of edges, thereafter, detect the Dirac-structure edges such as the drawing lines and texts in Fig. 5(a) and eliminate the step-structure edges such as the contour of the aircraft in Fig. 5(a) .
This paper is organized as follows: we will present the scale wavelet transform followed by a technique for constructing a suitable wavelet function in Section II. A characterization of Dirac-structure edges with wavelet transform will be investigated in Section III. An algorithm to detect Dirac-structure edges based on this characterization will be developed in Section IV. Some experiments will be provided in Section IV. Finally, Section V will present the conclusions of this paper. . Only the step-structure edge is detected using the scale-independent algorithm in [27] .
II. SELECTION OF WAVELET FUNCTIONS BY DERIVATION
In practice, the selection of a suitable wavelet function in accordance with the structure of the edges is an important topic in the application of wavelet transform to image processing and pattern recognition. In this section, a method of selection of wavelet function by derivation of the low-pass function will be presented.
A. Scale Wavelet Transform
Let be the Hilbert space of all the square-integrable 2-D functions on plane , is called a wavelet function, if (3) For and scale , the scale wavelet transform of is defined by (4) where denotes the convolution operator, and
The theory dealing with the scale wavelet transform can be found in many articles, such as [5] and [6] . In practice, the wavelet transform can be calculated discretely using the following formula:
where Obviously, the scale wavelet transform described in (4) is a filter in essence. We can conclude that its Fourier transform defined by satisfies the condition of , since . Thus, both functions and decrease at infinity. Usually, is chosen to meet the following two conditions at least: first, has to be held; second, both and decrease with exponents at infinity. According to (3) we can see that , which implies that the scale wavelet transform corresponds to a bandpass filter essentially. Moreover, characterizes the local properties of on both the time and frequency domains:
• On the time domain, it is easy to see that characterizes the local property of around the point . The smaller the scale , the more narrow the time-window is.
• On the frequency domain, based on the basic properties of Fourier transform, it can be conclude that Since decreases as does, thus characterizes the local property of . The position of the locality depends on the scale and function . And the larger the scale , the narrow the frequency-window is. The reduction of and at infinity plays an important role for characterizing the local properties of on both the time and frequency domains. The faster the decrement of and , the better the characterization of the local properties will be. In other words, the shorter the support of and , the higher the quality of the localization will be obtained.
B. Construction of Wavelet Function by Derivation of the Low-pass Function
The Dirac-structure edges such as curves are transient components with high frequencies in an image. They are highly localized in spatial positions. Such components do not resemble any of the wave basis functions, such as Fourier basis function. This makes the Fourier and other wave transforms less than optimal representations for analyzing and processing the Dirac-structure edges in the images. To combat such a deficiency, wavelet analysis can be utilized. Wavelet theory is a new mathematical tool primarily used for representing such transient components more efficiently. In fact, the Dirac-structure edges can be characterized by the wavelet transforms.
However, one of the key factors which obstruct the application of wavelet transform to process these Dirac-structure edges is that it is still difficult, in practice, to select the suitable wavelet functions, which possess a perfect characteristic of localization. Theoretically, the detection of the Dirac-structure edges by wavelet transforms can be regarded as a particular filtering operation. The derivative function of a smooth low-pass function which decreases at infinite can become a candidate of the wavelet function. It can be considered to be a mapping, i.e., a low-pass function can be mapped onto a wavelet function by the operation of derivation, which can also be described by the following:
According to (5), we can use such a method to produce a wavelet function in the following steps: 1) selecting a low-pass function and 2) deriving this low-pass function to produce the wavelet functions and . Let be a real function, and satisfies: • fast decreases at infinity; • is even function on both and ; • . Consider
It is easy to see that , which indicates that is a 2-D wavelet. Then its scale wavelet transform is where . Based on this formula, it is clear that is a smooth operation with scale , if is a smooth function with fast decreasing at infinity and . When a quadratic spline function is utilized as the primitive function , the graphical description of the derivative function of the function with respect to the horizontal axis is illustrated in Fig. 6 .
Since is the derivative function of function along the horizontal axis, the characteristic of the local maxima modulus of the wavelet transform mainly influences the transient components of an image along the horizontal axis.
Similarly, let
It is also a 2-D wavelet, and its scale wavelet transform is or which is the derivative function of function along the vertical axis. Therefore, the characteristic of the local maxima modulus of the wavelet transform mainly influences the transient components of an image along the vertical axis. The graphical description of the derivative function of the function with respect to the vertical axis is illustrated in Fig. 7 , where the primitive function is a quadratic spline function.
We denote the gradient direction and the amplitude of the wavelet transform, respectively, by (6) and (7) Locating the local maxima of along the direction of can detect the Dirac-structure edges including the curves of images.
In this paper, function is defined by (8) where is selected to be the quadratic spline function as follows:
.
Since (10) The wavelet function , , which are called the quadratic spline wavelets, can be obtained as follows: (11) which can be represented graphically in Figs. 6 and 7.
III. CHARACTERIZATION OF DIRAC-STRUCTURE EDGES BY
WAVELET TRANSFORM
In this section, three significant characteristics of the local maximum modulus of the wavelet transform with respect to the Dirac-structure edges in the images will be presented:
• Slope Invariant: The local maximum modulus of the wavelet transform of a Dirac-structure edge is independent on the slope of the edge.
• Grey-Level Invariant: The local maximum modulus of the wavelet transforms with respect to a Dirac-structure edge takes place at the same points when the images with different grey-levels are to be processed. • Width Light-Dependent: For various widths of images of the Dirac-structure edges, the location of maximum modulus of the wavelet transform varies lightly under the certain circumscription. Curve is a display of the Dirac-structure edge in a 2-D image. To simplify the theoretical analysis, in this paper, a segment of the curve will be considered. In the remainder of this paper, we will not identify the notations of the Dirac-structure edge, curve, and segment of curve.
Before mathematically analyzing the characterization of curves by wavelet transform, we look at an example as shown in Fig. 8 . In practice, we should consider the width of the curve, especially in the application of image processing. Fig. 8(a) gives a segment, which is marked by letter "A," of a curve with certain width. Suppose the quadratic spline function is selected to construct the wavelet functions. The distribution of the modulus of wavelet transform is illustrated in Fig. 8(b) . Thus, the maximum modulus of wavelet transform will occur on two parallel lines around the curve image. Now, we turn to the mathematical analysis. Suppose that the parameter equation of a curve can be written in form of (12) where denotes the interval of the curve. Let be the width, and be the skeleton of the curve, i.e., the central line of the curve image. A graphical description of such a curve is pre- Fig. 9 . Curve l and its parallel line l . sented in Fig. 9 . Note that, from the mathematical point of view, a curve does not have any width with it. Thus, we did not consider the width of the curve in (12) . Therefore, we do not identify the notations of and . In Fig. 9 , the lines labeled by are parallel lines, which are around the curve image, and the maximum modulus of the wavelet transform occurs on these lines. The normal unit vector of the curve is described by Therefore, the equations of the parallel line can be represented as follows:
where is the distance between the parallel line and the central line of the curve , and the sign of determines which side of the parallel line will be located. A curve image can be described by where denotes a parameter such that its absolute value is the just distance between and , i.e., . The local maximum modulus of wavelet transform of the point in the curve takes place at point in the normal line. As the parameter is determined, the point will be fund. Therefore, the calculation of parameter plays a key role in finding the location where the maximum modulus of wavelet transform occurs. In this case, the wavelet transform becomes
A. Slope Invariant
In this subsection, we will prove that the local maximum modulus of the wavelet transform of the curve are independent on the slope of that curve.
For the quadratic spline wavelets , , since where , and , therefore, , can be represented as
The wavelet transforms using the quadratic spline wavelets , are
It is easy to rewrite (13) and (14) in following forms:
by denoting Hence, the second power of the amplitude of the wavelet transform can be obtained Consequently, the amplitude of the wavelet transform becomes
In the final result of (15), the slope factors and disappear. That is, of course, the amplitude of the wavelet transform has the property of slope free. Consequently, the local maximum modulus of the wavelet transform also possesses this characteristic. Some graphical examples are illustrated in Fig. 10 . Four curves, particularly, which are straight lines, with different orientations are analyzed. The original images are shown in Fig. 10(a) . After applying the wavelet transforms to each one, the distributions of their modulus of transformations are given in Fig. 10(b) , and the corresponding 3-D graphical displays are drawn in Fig. 10(d) . From this figure, it is clear that the highest peaks of all distributions are remained in same values. In other words, the local maximum modulus of the wavelet transform of the curve is independent on the slope of that curve. Fig. 10(c) presents the maxima of wavelet modulus for these four curves.
B. Grey-Level Invariant
In this subsection, the characterization of the grey-level invariant will be verified. That means, we will prove that the maximum modulus of the wavelet transforms with respect to the curves take place at the same points when the images with different grey-levels will be processed.
In fact, it is obviously to see that the wavelet transform defined by (6) is a linear system. Then, if the input function is scaled, the output is scaled the same. That is, Therefore, the factor of the grey level does not influence the location of the maximum modulus of the wavelet transform. This is the characteristic of grey-level invariant.
Some graphical examples are illustrated in Fig. 11 . The left side of Fig. 11 contains two original images, which are circles. The grey-levels of them differ from each other. The same wavelet transforms are applied to these circles. The resulting maximum moduli of the wavelet transforms with respect to them are graphically displayed in the right side of Fig. 11 . It is obvious that they are same, i.e., the double-line circles.
C. Width Light-Dependent
The property of the width light-dependent with respect to the local maximum modulus of the wavelet transforms of curves will be presented in this sub-section. It will be proved that for various widths of curves, 's, the location of maximum modulus of the wavelet transform varies lightly. That means parameter retains the same value approximately when . Note that, the quadratic spline function is compactly supported, moreover the support is very short, so that for the point , we have (16) 
Substituting (16) into (15) yields

Since
, we get
To find the parameter such that reaches the local maximum, we consider the derivative on : 
Let
, we get (17) To facilitate solving parameter , (17) can be rewritten by (18) according to (19) Now, our question turns to find , such that (18) will be held. In general, it is difficult and even impossible to solve from (18) directly, for an arbitrary wavelet , because of the complexity of (19) . To simplify the estimation of without losing its characterization for the Dirac-structure edges, we utilize the quadratic spline function (9) . First of all, we calculate , and the result is presented below. 2) If , is given by (21) 3) If , we obtain (22) The above mathematical formulas are too complicated, making it difficult to solve them. As an alternate, in this paper, a graphic-solution method will be developed.
The graphical description of on is illustrated in Fig. 12, based on (20)-(22) . The value of the parameter can be solved from this figure approximately. By Fig. 12 , it is easy to see that, for a constant , , there exists a pair of numbers satisfying , such that (23) It is obvious that both and depend on only the constant , that means they are functions on . Therefore, and can be denoted as
In the following, we will solve satisfying (18) . Comparing (18) with (23) yields (24) (25) Adding (24) and (25), we obtain (26) By subtracting (25) from (24) we have (27) Substituting (27) into (26) produces (28) Thus, is dependent on and . That means is a function on and . The relationship among , and can be displayed graphically in Fig. 13 .
From Fig. 13 , it is easy to understand that the dependence of on is very light under the condition of , i.e.,
. The larger the ratio of , the smaller the dependence of on is. When the scale of wavelet transform is large enough, the parameter is independent on the width of the curve image. Another way to view (28) and Fig. 13 can also be explained in Fig. 15 . From this figure, the following facts can be fund: For fixed 's, the dependence of on is closed to the linear function, when the scale of wavelet transform is large enough. That means the larger the scale , the closer to the straight line the parameter is. Therefor, the relationship between and can be represented by a straight line, when the scale of the wavelet transform has sufficient value. The equation of this straight line can approximately be fund in Fig. 12, i. e., the minimum of . That is . Some graphical examples are illustrated in Fig. 16 . The left side of Fig. 16 contains two original images, which are circles. The width of them differ from each other. The same wavelet transforms are applied to these circles. The resulting maximum moduli of the wavelet transforms with respect to them are graphically displayed in the right side of Fig. 16 . It is obvious that the same images, i.e., the double-line circles, are obtained.
IV. EXPERIMENTS
Based on the theoretical analyzes in the previous sections, an algorithm to detect the Dirac-structure edges such as curves from a multistructure-edge image is designed as follows.
Algorithm 1:
For a multistructure-edge image containing the Dirac-structure edges, such as curves, and the wavelet transform scale , the edges can be detected by the following steps:
Step 1) Calculating all the wavelet transforms under the quadratic spline wavelet.
Step 2) Calculating the local maxima of and the gradient direction .
Step 3) For each point with local maximum, searching the point whose distance from to it is 0.6424 along the gradient direction. If it is still a point with local maximum, the center point is detected.
Step 4) The curves are formed by all the points detected by the above steps. In Fig. 17 , four circles with various gray-levels and widths are tested using the new method. The original images are illustrated on the left column of Fig. 17 . After applying Steps 1 and 2 of the proposed wavelet transform algorithm to these circles, the local maximum modulus of the wavelet transform with respect to them can be computed and the results are given on the middle Fig. 18 . Result using the method proposed in this paper. (a) Original image: two classes of edges are embedded in this image, i.e., a contour of the aircraft which belongs to the step-structure edge, and some lines and texts which belong to the Dirac-structure edges. (b) The result which is obtained from the new algorithm, all lines and texts are extracted, and the contour of the aircraft is removed. Fig. 19 . Another result using the method proposed in this paper: (a) original image which has two classes of structures of edges, i.e., Dirac-structure edges (three circles with different gray-levels and widths), and step-structure edge (a planner object, square which has a contour) and (b) resulting image which has only three circles, and the contour of the square is removed. column in Fig. 17 . Finally, the central lines of these circles are extracted using Steps 3 and 4 of the above algorithm, and presented on the right column in Fig. 17 .
Let us look back at Fig. 1 in Section I (Introduction). The particular task is that we are required to identify different structures of edges, thereafter, detect the Dirac-structure edges such as drawing lines and texts in Fig. 1(a) and eliminate the stepstructure edges such as the contour of the aircraft in Figs. 1(a) . Unfortunately, the algorithm based on the method proposed in [17] and [18] has detected all edges without identifying different structures of edges. Thus, the resulting image contains the step-structure edges such as the contours which are required to be deleted from the image. The new method developed in this paper possesses three significant characteristics: 1) slope invariant: the local maximum modulus of the wavelet transform of a Dirac-structure edge is independent on the slope of the edge; 2) grey-level invariant: the local maximum modulus of the wavelet transform with respect to a Dirac-structure edge takes place at the same points when the images with different grey-levels will be processed; and 3) width light-dependent: for various widths of the Dirac-structure edge images, the location of maximum modulus of the wavelet transform varies lightly under the certain circumscription. According to these characteristics and our earlier work [27] , we can recognize three basic structures of edges, and further, extract the Dirac-structure ones. It can improve the method of [17] and [18] .
After applying the above algorithm, new result can be found in Fig. 18 . The original image is shown in Fig. 18(a) containing a planner object, aircraft, with several drawing lines and texts. Fig. 18(b) displays the result which is obtained from the new algorithm. It extracts all lines and texts, and removes the contour of the aircraft. Now, turn to another example shown in Fig. 19 . The original image is illustrated in Fig. 19(a) which has two classes of structures of edges: 1) Dirac-structure edges, i.e., three circles with different gray-levels and widths, and 2) step-structure edge, that is a planner object, square, which has a contour. Upon utilizing the new method proposed in this paper, we can produce a new image as shown in Fig. 19(b) . It contains only three circles which belong to the Dirac-structure edges, and the step-structure edge, contour of the square, is removed.
Another experiment is presented in Fig. 20 . Original image is the image Lena plus several characters as illustrated in Fig. 20(a) . It is a multi-structure-edge one, where several characters are embedded in it. Upon performing Steps 1 and 2 of the proposed wavelet transform algorithm to it, its local maximum modulus of the wavelet transform can be computed and the result is given in Fig. 17(b) . Next, the characters which are embedded in the image are extracted by Steps 3 and 4 of the above algorithm, and presented in Fig. 17(c) . Finally, the noise is removed and a fine image which contains only the characters "LENA" is obtained and displays in Fig. 17(d) .
V. CONCLUSIONS
We have shown in this paper that three significant characteristics of the local maximum modulus of the wavelet transform with respect to the Dirac-structure edges have been studied, as follows.
• Grey-Level Invariant: The local maximum modulus of the wavelet transform with respect to a Dirac-structure edge takes place at the same points when the images with different grey-levels are processed.
• Width Light-Dependent: For various widths of the Diracstructure edge images, the location of maximum modulus of the wavelet transform varies lightly under the certain circumscription.
We have presented a mapping method to construct the mother wavelet. One of the key factors which affect the application of wavelet transform to process these edges is, in practice, how to select the suitable wavelet functions. A mapping technique has been applied in this paper to construct such a wavelet function.
In this way, a low-pass function has been mapped onto a wavelet function by a derivation operation. In this paper, the quadratic spline wavelet has been employed, which can simplify the mathematical calculation. We have given an ideal characterization for the Dirac-structure edges, and have shown a suitable wavelet to our application by a great number of experiments. However, what is the best choice and how to construct a best one is really interesting theoretically. It will be studied deeply in theory in our another paper. Using the invariance of the wavelet transform, in this paper, an novel algorithm to extract the Dirac-structure edge by wavelet transform has also been developed. 
